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Modeling Impacts Between a
Continuous System and a Rigid
Obstacle Using Coefficient of
Restitution
In this work, we discuss the limitations of the existing collocation-based coefficient of
restitution method for simulating impacts in continuous systems. We propose a new
method for modeling the impact dynamics of continuous systems based on the unit im-
pulse response. The developed method allows one to relate modal velocity initial condi-
tions before and after impact without requiring the integration of the system equations of
motion during impact. The proposed method has been used to model the impact of a
pinned-pinned beam with a rigid obstacle. Numerical simulations are presented to illus-
trate the inability of the collocation-based coefficient of restitution method to predict an
accurate and energy-consistent response. We also compare the results obtained by unit
impulse-based coefficient of restitution method with a penalty approach.
�DOI: 10.1115/1.3173667�
Introduction
Many mechanical systems are subjected to impact loading, ei-

her due to their functionality �such as musical instruments, im-
act dampers, impact hammers, and sports equipment� or due to
ndesirable phenomena �such as clearance in joints due to wear
nd rotor-stator impact in rotating machinery�. In situations where
he components of the system can be approximated as rigid bodies
r multi-degree-of freedom vibratory systems, the impact can be
uccessfully modeled using approaches based on the coefficient of
estitution �CoR�, as described in classical texts �1–3�. In CoR-
ased modeling, the impact is assumed to occur in an infinitesimal
mount of time; thus, the wave propagation effects during the
mpact are neglected. An algebraic relation obtained from an
nergy/momentum balance is used to obtain the post-impact states
f the mechanical system given the pre-impact states.

Another approach for simulating impact is local compliance
odeling, which involves representing local deformations during

mpact with linear or nonlinear spring-damper combinations
4–6�. This approach requires the integration of the equations of
otion during the impact phase. While both the CoR and local

ompliance approaches are widely used in the simulation of multi-
ody system dynamics, the local compliance approach has been a
opular choice when modeling impact on flexible structures as it
ccounts for the vibratory behavior during and after impact. A
epresentative selection of works using this approach can be found
n Refs. �7–16�.

Despite the success of modeling short-duration impacts in rigid
nd lumped-parameter vibro-impacting systems using CoR, the
xtension of CoR-based modeling to structural systems has re-
eived little attention, especially when combined with modal dis-
retization. The only work along these lines was done by Wagg
nd Bishop �17�. Two assumptions were made in this work:

�1� The configuration of the system does not change during the
impact, in accordance with the conventional rigid body
CoR approach; and
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�2� The velocity field of the structure changes only at the im-
pacting point according to the CoR method, setting up a
non-smooth velocity field after impact.

Using the above assumptions, Wagg and Bishop �17� defined a
modal form of CoR that relates the post-impact modal velocities
to the pre-impact modal velocities. The modal form of CoR re-
quires selecting N−1 locations �the collocation points� on the
beam for an N-mode approximation at which the velocities are
assumed to be the same before and after the impact. In doing so,
the authors have approximated the assumed non-smooth post-
impact velocity distribution of the beam using a function �the
collocation function�, which is a linear combination of N-mode
shapes. The coefficients of the collocation function are obtained
by equating it to the corresponding non-smooth function at the
collocation and impact points.

In this work, we discuss the shortcomings of the method pro-
posed in Ref. �17�, including the fact that it can lead to artificial
energy input into the mechanical structure under certain combina-
tions of collocation points. We propose a new energy-consistent
method for obtaining post-impact modal initial conditions using
the unit impulse response. The developed method does not require
choosing collocation points. We also compare our results with the
local compliance method using very high contact stiffness, which
approximately corresponds to the case of near-rigid collisions. A
simply-supported vibro-impacting beam, discretized using the
Galerkin approximation, is considered to demonstrate the pro-
posed method.

2 Mathematical Modeling
The schematic of the physical system being modeled as well as

the related nomenclature are shown in Fig. 1. The system consists
of a pinned-pinned beam excited harmonically at location xf by a
force F sin��t�. The motion of the beam at location xi is con-
strained by a rigid stop.

The equation governing the dynamics of the beam, excluding
the event of impact and assuming Euler–Bernoulli beam theory, is
given by the following:

EI
�4w

4 + �A
�2w

2 = F sin��t���x − xf�, w�xi,t� � D �1�

�x �t
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here E is the Young’s modulus, I is the area moment of inertia,
is the density, A is the cross-sectional area, � is Dirac’s function,

nd t is the time. The boundary conditions for pinned-pinned sup-
orts are as follows:

w�0,t� = w�L,t� = 0 and
�2w�0,t�

�x2 =
�2w�L,t�

�x2 = 0 �2�

e introduce the following dimensionless parameters into the
quation of motion:

x� =
x

L
, w� =

w

D
, t� = t� EI

�AL4 , �� = ���AL4

EI
, F� =

FL4

EID

�3�
he equation of motion, after dropping the asterisks for simplicity,

hen becomes

�4w

�x4 +
�2w

�t2 = F sin��t���x − xf�, w�xi,t� � 1 �4�

ith the following boundary conditions:

w�0,t� = w�1,t� = 0 and
�2w�0,t�

�x2 =
�2w�1,t�

�x2 = 0 �5�

wo further initial conditions are required:

w�x,0� = w0�x� and ẇ�x,0� = ẇ0�x� �6�
solution to Eq. �4� is assumed to be of the following form:

w�x,t� = �
j=1

�

� j�x�� j�t� �7�

here � j�x� and � j�t� corresponds to the jth mass-normalized
ode shape and the corresponding modal coordinate for the beam.
ubstituting the above form of solution into Eq. �4� and applying

he principle of orthogonality results in an infinite number of or-
inary differential equations �ODEs�. Truncating the system to N
odes gives the following finite set of ODEs:

�̈ j�t� + � j
2� j�t� = � j�xf�F sin��t�, j = 1,2, . . . ,N �8�

here � j are the natural frequencies of the beam. The modal
nitial conditions can be obtained as follows:

� j�0� =�
0

1

w�x,0�� j�x�dx and �̇ j�0� =�
0

1

ẇ�x,0�� j�x�dx

�9�

2.1 Impact Modeling. Once the system parameters have been
pecified, Eq. �8� can be numerically integrated until the impact.
t the impact event, we have information about the pre-impact
isplacement and velocity distribution of the beam, which are
�x , t−� and ẇ�x , t−�, where t− is the time at which impact occurs.
he objective is to relate the pre-impact displacement and velocity

fx

L

),( txw

ix

)sin( tF �D

x

Fig. 1 Schematic of the physical system
istributions to the post-impact distributions. In rigid-body prob-
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lems involving translation, if the velocity of one point is known,
then the velocities of all other points on the rigid body can be
easily derived. With continuous systems, however we must predict
the post-impact velocity distribution, ẇ�x , t+�, given only a post-
impact velocity at the impact location, ẇ�xi , t+�. At the instant of
impact, it is assumed that the configuration of the system does not
change, as was assumed in Ref. �17�:

w�x,t+� = w�x,t−� �10�

The corresponding modal post-impact displacement initial condi-
tions are

� j�t+� = � j�t−�, j = 1,2, . . . N �11�

The velocity of the beam at the impact location changes according
to the following classical CoR rule:

ẇ�xi,t+� = − Rẇ�xi,t−� �12�

where R is the coefficient of restitution. In addition to Eq. �12�,
the pre-impact velocity distribution ẇ�x , t−� is also known. Now
we must obtain the post-impact velocity distribution, ẇ�x , t+�, sat-
isfying Eq. �12�. The method proposed in Ref. �17� for obtaining
the post-impact velocity distribution and the corresponding modal
velocity initial condition proceeds as follows. First, Eq. �12� can
be written as follows:

�
j=1

N

� j�xi��̇ j�t+� = − R�
j=1

N

� j�xi��̇ j�t−� �13�

In order to solve for the post-impact modal velocity initial condi-
tions, we need N−1 additional equations, which can be obtained
from the assumption that the velocity of the beam remains the
same before and after impact at all points except for the impact
location. Selecting N−1 arbitrary points �collocation points�, we
have the following relationships:

ẇ�xck,t+� = ẇ�xck,t−�, k = 1,2, . . . ,N − 1 �14�

which can be further expressed as follows:

�
j=1

N

� j�xck��̇ j�t+� = �
j=1

N

� j�xck��̇ j�t−�, k = 1,2, . . . ,N − 1

�15�

Equations �13� and �15� can now be expressed in matrix form. As
an example, we show the matrix form for a three-mode problem.
Figure 2 illustrates the collocation method for obtaining the post-
impact velocity distribution. In this case, we must choose two
collocation points, xc1 and xc2, as well as the impact point, xi. The
matrix equation relating the pre- and post-impact modal velocities
can be written as follows:

��̇1�t+�
�̇2�t+�
�̇3�t+�

	 = ���−1
1 0 0

0 − R 0

0 0 1
������̇1�t−�

�̇2�t−�
�̇3�t−�

	
where

��� = 
�1�xc1� �2�xc1� �3�xc1�
�1�xi� �2�xi� �3�xi�
�1�xc2� �2�xc2� �3�xc2�

� �16�

It is clear from Eq. �16� that the post-impact modal velocities are
strongly dependent on the selected collocation points and can lead
to completely different vibro-impacting system dynamics. Certain
choices of collocation points may also lead to the artificial input
of energy into the mechanical oscillator—that is, where the pre-
dicted post-impact velocity distribution contains more energy than
the pre-impact velocity distribution. In order to resolve this issue,

a new method is proposed in the next section.
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2.2 The Impulse-Based CoR Method. Before discussing the
roposed impulse-based CoR method, we revisit the idea of the
nit impulse response of a continuous system. The equation of
otion of a beam with a unit impulse as the forcing function,

cting at the impact location xi at time t= t−, can be written as
ollows:

�4w

�x4 +
�2w

�t2 = ��x − xi���t − t−� �17�

hich has the solution

w�x,t� = �
j=1

N

� j�x�
� j�xi�

� j
sin�� j�t − t−��, t � t− �18�

nd the velocity response

ẇ�x,t� = �
j=1

N

� j�x�� j�xi�cos�� j�t − t−��, t � t− �19�

mmediately after the application of impact �i.e., when t= t+�, the
ystem has the following velocity distribution

ẇ�x,t� = U̇�x,t+� = �
j=1

N

� j�x�� j�xi� �20�

here U̇�x , t+� is the velocity distribution of the continuous struc-
ure due to a unit impulse at location xi. The magnitude of the
elocity at the impact location, xi can now be written as follows:

U̇�xi,t+� = �
j=1

N

� j�xi�2 �21�

We now discuss the impulse-based CoR method. As shown in
ig. 3, we attempt to find the nondimensional impulse P that must
e applied to the continuous system at the event of impact so as to
btain the post-impact velocity at the location of impact described
y Eq. �12�. We make use of the velocity distribution of the beam
ue to a unit impulse at the impact location. The calculated im-
ulse P should generate the same initial conditions as the unit
mpulse, except that it has a different magnitude with a scaling
actor of P.

The velocity at the impact location due to an impulse P, when
dded to the pre-impact velocity at the impact location, should
esult in the post-impact velocity at the impact location:

1cx 2cx
( , )w x t+�( , )w x t−�

( , )w x t±

( , ) ( , )i iw x t Rw x t+ −= −� �

Fig. 2 Illustration of collocation method

D
( , )w x t�

Pimpulse

ix
Fig. 3 Impact modeled using finite impulse

ournal of Applied Mechanics

aded 04 May 2010 to 171.66.16.45. Redistribution subject to ASME
ẇ�xi,t−� + PU̇�xi,t+� = ẇ�xi,t+� �22�

In Eq. �22�, the post-impact velocity ẇ�xi , t+� can be expressed in
terms of the pre-impact velocity using Eq. �12�; thus Eq. �22� now
becomes

ẇ�xi,t−� + PU̇�xi,t+� = − Rẇ�xi,t−� �23�
Rearranging Eq. �23�, the magnitude of the impulse can be ob-
tained as follows:

P = − �R + 1�
ẇ�xi,t−�

U̇�xi,t+�
�24�

The post-impact velocity distribution ẇ�x , t+� can be obtained by
superimposing the velocity distribution due to impulse P at time
t− on the pre-impact velocity distribution ẇ�x , t−�:

ẇ�x,t+� = ẇ�x,t−� − �R + 1�
ẇ�xi,t−�

U̇�xi,t+�
U̇�x,t+� �25�

Multiplying both sides of Eq. �25� with modal functions and inte-
grating over the domain results in the following:

�̇ j�t+� = �̇ j�t−� − �R + 1�
ẇ�xi,t−�

U̇�xi,t+�
� j�xi� �26�

Equation �26� relates the pre-impact and post-impact modal initial
conditions without the need to choose collocation points.

3 Results and Discussion
CoR-based modeling is a limiting case of the local compliance

approach where the stiffness of the obstacle reaches infinity. We
therefore compare numerical simulations obtained by the pro-
posed impulse-based CoR method with those from a penalty ap-
proach �7�, in which the obstacle is modeled as a linear spring
with very high stiffness. Now we briefly describe the penalty ap-
proach. The dimensionless equation of motion of a beam when
modeled using the penalty approach is of the following form:

�4w

�x4 +
�2w

�t2 = − Fcontact + F sin��t���x − xf� �27�

where the contact force Fcontact is represented as

Fcontact = �K�w�xi,t� − 1� w�xi,t� 	 1

0 w�xi,t� 
 1

 �28�

The boundary conditions and initial conditions are given by Eqs.
�5� and �6�. When the beam penetrates into the obstacle, a contact
force is generated as described by Eq. �28�. If the penalty param-
eter �contact stiffness K� is chosen sufficiently high, the penetra-
tion of the beam will be very small and will approach zero as K

Table 1 Dimensionless parameters used in simulation

Physical parameter Quantity

Penalty stiffness 1�1012

Impact location �xi� 0.5
Coefficient of restitution 1

Table 2 Parameters for collocation method

No. of modes Collocation points

4 CP1= �0.2,0.3,0.7�
4 CP2= �0.15,0.4,0.8�
4 CP3= �0.1,0.35,0.9�
MARCH 2010, Vol. 77 / 021008-3
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ends to infinity. The contact forces generated will push the beam
way from the obstacle, thus simulating its impact behavior.
quation �27� along with contact force expression �Eq. �28�� were
olved numerically using modal analysis combined with the force
ntegration method �7�.

Initially, we present the numerical solution for a free vibration
roblem and emphasize the energy-conserving nature of the for-
ulation. The initial conditions for this particular study are as

ollows:

w�x,0� = − 1.01 sin��x� and ẇ�x,0� = 0 �29�
able 1 shows the dimensionless parameters used in the numerical
imulation. We compare the four-mode solutions obtained by
hoosing different sets of collocation points, shown in Table 2.
he modal equations given by Eq. �8� are solved in MATLAB using

he numerical integrator ode45 and the built-in event detection
lgorithm for detecting impacts. Relative and absolute tolerances
ere chosen to be 10−9.
Figure 4�a� shows the displacement of the beam at the impact

ocation for different sets of collocation points. Figure 4�b� shows
magnified version of the displacement at the first impact, and

learly illustrates the dependence of the response on the selected
ollocation points. This dependence is also confirmed in Figs. 5
nd 6, which show the velocity and phase plot at the impact lo-
ation.
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Fig. 5 Velocity at impact location
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Figure 7 clearly shows that the energy of the mechanical system
is increasing. It should be noted that, since the current problem is
a free vibration problem with CoR equal to 1, the energy in the
system should be conserved.
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Fig. 6 Phase plot at impact location
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The lack of energy conservation can be explained by Fig. 8,
hich shows the pre- and post-impact velocity distributions at the
rst impact for different sets of collocation points. It can be seen

hat the post-impact velocity distributions are different for differ-
nt selections of collocation points. Since it is assumed that the
isplacement configuration remains the same before and after im-
act, the strain energy cannot be altered and any incorrect predic-
ions of post-impact initial conditions can lead to spurious energy
nput. Equation �15� strongly enforces that the pre- and post-
mpact velocities match at the collocation points, and relates ve-
ocities at the impact location, as given by Eq. �12�, but we have
o control over the velocity at other points.

Now we show the results obtained for a four-mode problem
sing the impulse-based CoR method proposed in this paper. Fig-
res 9�a� and 9�b� show the displacements at the impact location
btained for free and forced vibration problems using both the
mpulse-based CoR and the penalty method. The dimensionless
arameters for forcing function amplitude, location, and fre-
uency are shown in Table 3. The forcing function frequency is
hosen to be the first natural frequency of the beam. It can be
learly seen that the solutions agree exactly. This fact is further
llustrated in Figs. 10 and 11, which show the velocity and phase
ortrait at the impact location.

Figure 12 shows the energy in the mechanical system for the
ree vibration problem, illustrating that the impulse-based CoR
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Fig. 8 Pre- and post-impact velocity distributions
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Fig. 9 Displacement at the impact location:
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approach with CoR=1 and the penalty approach formulation both
preserve the energy of the mechanical system. As the coefficient
of restitution is decreased, the beam loses energy at every impact.
Interestingly, with CoR=0.5 the beam settles at an energy level
that is higher than that obtained with CoR=0.8. The total energy
lost is a function of number of impacts, the pre-impact velocity,
and the CoR. More energy is lost at each impact for CoR=0.5 for
same pre-impact velocity �first impact�, while more impacts occur
for CoR=0.8 during the current simulation time.

The impulse-based CoR approach has an advantage over the
penalty approach in terms of computational efficiency and pro-
vides identical results. A comparison of normalized computation
times for the forced response problem using the impulse-based
CoR and penalty approach is shown in Fig. 13. It is evident from
the graph that the computational efficiency of the impulse-based
CoR method provides increasing benefit as the number of modes
considered in the problem is increased. For example, the penalty
method is nine times slower than the impulse-based CoR ap-
proach when nine modes are considered in the analysis. The pro-
posed method can be used to successfully simulate the impact
behavior at a much lower computational cost compared to the
penalty approach, where a large number of numerical parametric
studies are to be performed to characterize the behavior of the
vibro-impacting systems. The developed method can also be in-
corporated into finite element codes if the analysis is carried out in
the modal domain and a prior knowledge of the response of the
structure due to unit impulse at the impact location is known.

4 Conclusions
It has been shown that the collocation-based CoR approach can

introduce energy into the mechanical system for certain selections
of collocation points. The new impulse-based CoR approach pre-
sented herein is energy consistent and predicts a response that is
very close to that obtained using the penalty approach. Moreover,
the impulse-based CoR approach has been seen to provide in-
creased computational efficiency over the penalty approach as the
number of modes considered in the analysis was increased. Al-
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Table 3 Dimensionless parameters for forcing function

Physical parameter Quantity

Amplitude of forcing function �F� 72
Location of forcing function �xf� 0.5
Frequency of forcing function ��=�1� �2
„a… free vibration and „b… forced vibration
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Fig. 10 Velocity at the impact location: „a… free vibration and „b… forced vibration
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Fig. 11 Phase plot at the impact location: „a… free vibration and „b… forced vibration
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Fig. 12 Energy in the mechanical system in free vibration
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hough the impulse-based CoR method has only been applied to a
ibro-impacting beam, the method can be applied to any continu-
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